The purpose of the present work is to theoretically investigate the active control of radiated sound power from a simply supported soft-core sandwich panel with a line moment excitation. Since noise transmission in the low frequency region through a soft-core sandwich panel mainly occurs due to flexural and dilatational modes, therefore, the focus of this study is to control these modes and achieve sound attenuation in a large frequency band. Two control methods, volume velocity and weighted sum of spatial gradients (WSSG) are used to drive three piezoelectric actuators (PZTs) attached on the exterior side of the bottom face plate. The governing equation of the sandwich panel with the PZTs is derived using the Hamilton's principle considering Reddy's third order shear deformation theory. Numerical studies indicate that while the line moment is at the mid vertical line, WSSG is able to attenuate the radiated sound power irrespective of core loss factor whereas volume velocity could not. However, both the control metrics are able to attenuate most of the structural modes, when the line moment is off the midline, and therefore, attenuate significant amount of radiated sound power in a broad frequency range. And the maximum increase in sound power is small in WSSG as compared to volume velocity. These results show that WSSG can be used as an effective control metric to mitigate low frequency sound.
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INTRODUCTION
Sandwich panels are made by bonding thin high stiffness face plates to a low stiffness but relatively thick core material. The main load-carrying portions are the skins, while the core serves as a spacer to keep the face plates at a large distance from the neutral surface. As a result, the maximum normal stresses are in the skins and the core carries most of the transverse shear. The high stiffness to weight ratio makes this kind of structural element a very attractive design option in weight critical structures. However, the main issue and challenge in thick core sandwich panels is the control of shear waves that usually couple well with the acoustic waves which lead to an increased radiation efficiency and lower transmission loss (mainly a consequence of a wide coincidence frequency zone). Additional sound absorption materials for these type of structures fail to provide satisfactory results in the low frequency region, and therefore, active control techniques have been researched to increase the sound transmission loss of this kind of structures [1, 2] . Regular or periodic excitation forces are likely to be experienced by the panels when they form part of a structure. The driving force spectrum may be dynamic forces or moments or combination of both. Practical applications involving active control of a structure with a line moment excitation are important in the ship and aircraft industry. For example, the harmonic excitation of a ship engine deck may generate a line moment at the bulkhead that connects the deck, or the air flow acting on a wing may result in a line moment at the fuselage, or a harmonic line moment may be produced at the edge of two-layer composite structures.
Sound transmission characteristics of sandwich panels have been investigated by many authors. Ford et al. [3] were the first to study the effects of dilatational modes of sandwich panels on sound transmission loss (STL). They found that an undesirable resonance is associated with the dilatational mode of vibration depending primarily upon the core stiffness and the skin masses. Smolenski and Krokosky [4] included volumetric and shear terms in the strain energy calculation done by Ford et al. [3] . They noticed that the flexural modes of vibration do not change significantly with a change of the thickness or Poisson's ratio of the core, whereas the dilatational modes of vibration respond dramatically to these properties. These two reports only studied the effects of symmetric and antisymmetric modes on STL. However, Dym et al. [5, 6] were the first to calculate the STL of sandwich panels. They noticed that a high STL can be achieved by properly choosing the face plates, whose symmetric and anti-symmetric impedances have similar values. Vaicaitis [7] calculated the STL of a viscoelastic sandwich panel by taking the core both as soft and hard, and analyzed their STL properties. Vibroacoustic properties of orthotropic sandwich panels have been studied by Guillaumie [8] .
Control of sound transmission through flexible panels generally carried out by active structural acoustic control (ASAC) in which the radiated sound is controlled using one or several control actuators applied directly on the vibrating structure [9] [10] [11] . The benefits of ASAC over traditional sound field control using a speaker arrangement are associated with the control of sound at the source and the system compactness. Structurally applied actuators are much less intrusive than speakers because they do not occupy space in the acoustic field. ASAC differs from active vibration control in that it attempts to control only the vibrations which are important to sound radiation or which radiate sound efficiently. Conventional vibration control on the other hand attempts to reduce the vibrations of a structure [12] [13] [14] as much as possible with no concern for the resulting sound radiation from the structure.
Snyder and Tanaka [15] show that minimizing the velocity of structural modes is not always the best approach to minimize the acoustic radiation from a structure. Minimizing the velocity of the structural modes can produce attenuation but requires a priori knowledge of the structural mode shapes in order to place vibration sensors directly on the apex of the anti-nodes. Minimizing all the anti-nodes is also difficult to do with a limited number of control actuators because minimizing one anti-node will often cause an amplification of others. Thus, the use of the structural mode velocities is not an ideal minimization quantity in ASAC. Therefore, the acoustical or radiation modes, which radiate sound power independently and control of these modes gives guarantee to the attenuation of sound power, have been developed [9] .
The shape of the first radiation mode is comparable to volume velocity and it has been suggested that using an error sensor to measure volume velocity on the plate would be an effective way to control the radiated sound power [16] . Johnson and Elliot [17] studied the effect of minimizing radiated sound power and cancelling the volume velocity on global sound power reduction, and found that at low frequencies, cancelling volume velocity of a structure can give large attenuation in sound power. Using this control strategy, Pan et al. [18] studied the control of sound transmission through a double-leaf partition using a single point force actuator and matched uniform force actuator. Sahu et al. [19] investigated the active control of sound transmission through a soft core sandwich panel using volume velocity cancellation. Sound radiation from a simply supported rectangular plate excited by a line moment using volume velocity method has been investigated by Lee and Chen [20] , analytically. Lee and Chen [21] also studied the active control of sound radiation from the same model using multiple PZTs. However, this strategy is less effective at higher frequencies because of the number of sensors required for reasonable attenuation, in many situations, is too many for practical purposes [22] [23] [24] [25] . A recent control metric, termed composite velocity (also referred to as weighted sum of spatial gradients or WSSG) has shown promise in resolving these issues. Composite velocity was developed as a weighted sum of spatial velocity gradients requiring only four sensors to measure, and was found to be relatively insensitive to sensor location [26] . Hendricks et al. [27] extended this research from computer simulations and provided experimental test results for a flat simply supported plate.
In all of the studies reviewed above, classical plate theory (CPT) is used to model the motion of the sandwich panel. It is well known that the CPT does not take the transverse shear deformations into account, and thus it yields unacceptable results when the transverse shear deformations are important. The first-order shear deformation theory (FSDT) was first used for laminated plates by Yang et al. [28] . Transmission and reflection of an acoustic harmonic wave by a fluid-loaded plate is addressed by Stepanishen [29] while considering the effect of rotary inertia and shear deformation. STL of stiffened composite panels has been investigated by Mejdi et al. [30] considering the shear deformation and in-plane interaction effects.
However, according to three-dimensional elasticity theory, the shear strains vary at least quadratically through the thickness of the plate. So, the shear correction factors were introduced to correct the discrepancy in the shear forces of FSDT and the three dimensional elasticity theory. But, these shear correction factors depend on the geometry, boundary conditions, and material properties, and they are very difficult to determine in complicated systems. The third order shear deformation theory (TSDT) developed by Reddy [31] [32] [33] , which accommodates quadratic variation of transverse shear strains and satisfies the boundary conditions that the transverse shear stresses vanish on the top and bottom of a plate, eliminates the need for shear correction factors.
The above review indicates that while there exists a notable body of literature on sandwich panels, the combination of vibration analysis of soft-core sandwich panels using third order shear deformation theory and active attenuation of sound transmission through the sandwich panel seems to be absent. In the present work, an analytical study of a simply supported soft-core sandwich panel is considered so as to excite the panel in both flexural and dilatational modes and therefore, by controlling these modes, sound power can be attenuated over a large frequency band. The sandwich panel is excited by placing a line moment at different locations on the top face plate and three PZTs are attached on the sound radiation side of the bottom face plate. Both the sandwich panel and PZTs are modeled using Hamilton's principle and TSDT. Active control of sound power is carried out by driving the secondary actuators using volume velocity and WSSG strategies. Also, the effectiveness of both the control metrics is studied for different values of isotropic core loss factor.
PLATE VELOCITY FORMULATION
The physical system considered in this study is shown in Fig. 1 . The structure under study is a rectangular sandwich panel made up of two thin face plates (i.e., the top and the bottom face plates) and a thick viscoelastic soft-core. A low frequency distributed line moment is applied on the top face plate, and three PZTs are attached on the bottom face plate. The bottom face plate with the PZTs is considered as a laminated structure. In order to derive the governing equations of motion, the following assumptions are made: 
Kinematics
Since the viscoelastic core is very soft, Poisson's ratio of the material [34] is nearly zero; hence, the core can be approximated as a viscoelastic spring. Therefore, the displacement field of both the top and the bottom face plates would be different. As per the third order shear deformation theory [31] [32] [33] 35] , the displacement field for the laminated structure can be written as,
where H(x, y, z), is the third-order Heaviside function associated with the location of the PZTs, which is given by,
Here,
, and so on. The linear strain-displacement relations associated with the displacement field are,
where comma followed by a subscript denotes differentiation with respect to the subscript. Substituting the displacement field given in equation (1) into the linear strain-displacements relations in equation (3), the strains can be written as, 
where
Equations of motion
Hamilton's principle is used to derive the equations of motion [24, 25] :
where, are the stress resultants defined by,
where α and λ take the symbols of x and y;
and are defined by, 
(2) 2 , , 
, and 
(1) 1
, and with N 2k = I 2k − 2c 1s I 4k + c 2 1s I 6k , J rk = I rk − c 1s I (r + 2)k , I rk = r = 0,1,..6. (11) and N 2pe = I 2pe − 2c 1s I 4pe + c 2 1s I 6pe , J rpe = I rpe − c 1s I (r + 2)pe , I rpe = r = 0, 1,..6.
Since, there is no external force acting on the laminated structure, the work done on it is zero:
Substitute the expressions for δU b , δU pe , δK b , δK pe and δV s from equations (6), (8), (10), (11) and (12) into equation (5) , and integrate by parts, and collect the coefficients of δw, δφ x and δφ y ; the equations of motion for the laminated structure are obtained as follows:
where the superposed dot indicates differentiation with respect to time t.
Constitutive equations for bottom face plate and PZT
The linear constitutive relations for the bottom face plate can be written as,
Substituting equation (4) into equation (14) and the subsequent results into equation (7), the stress resultants for the bottom face plate are obtained in terms of displacements and rotations (w s , φ xs , φ ys ) as, 
Substitute equation (4) into equation (16) and the subsequent results into equation (9) , the stress resultants for the PZT are obtained in terms of displacements and rotations (w s , φ xs , φ ys ) as, 
and are the stiffness coefficients defined by,
Equations of motion in terms of displacements and rotations
Substituting equations (15) and (17) into equation (13), the equations of motion for the laminated structure can be expressed in terms of displacements and rotations (w, φ x , φ y ) as, 
Analytical solutions
If the structural vibration is assumed to be described by the summation of Mmodes, and both the top face plate and the laminated structure are simply supported, the forced response can be expanded in terms of normal modes as [7, 32] , 
, , y y 0 where Solving equation (21), one can find the expressions for all the variables. However, in this study, only the expression for D sm is needed to find the velocity of the bottom face plate, which is given by,
where, 
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Multiplying equation (22) by φ m (x, y) and taking differentiation with the Fourier transformation, one can find the velocity of the bottom face plate as,
The eigenfrequencies of the coupled system can be calculated by setting the damping co-efficient of the top and bottom face plate and the core loss factor as zero, that is, c′ t = c′ b = ξ = 0, and solving the expression of D m given in eqn (23) for ω. This will give six characteristic values for each pair of modal indices (m 1 , m 2 ). Out of these six roots, two of them represent the in-phase flexural and the out-ofphase dilatational vibration resonance frequencies of the sandwich panel, and the remaining four show the resonance frequencies for the angle of rotation of material line normal to the mid plane.
In the result section, averaged quadratic velocity of the radiating face plate (bottom face plate) is calculated and defined as, (32) and the quadratic velocity is expressed in dB referenced to 2.5 × 10 −15 m 2 /s.
RADIATION OF SOUND POWER FROM A VIBRATING PANEL
In this study, the radiated sound power is calculated by the elemental radiator formulation approach [16] . In this formulation, a panel is divided into a grid of N elements whose transverse vibrations are specified in terms of the velocities v en at their center positions so that, assuming time-harmonic motion, the overall vibration of the panel can be described by a column vector of complex amplitudes such as (33) Therefore, the total radiated sound power can be defined as (34) where, the matrix R is defined as the radiation resistance matrix, which discretizes the plate geometry and provides a simplified and computationally more efficient method for calculating the radiated sound power at low frequencies, and is given by 
FINITE ELEMENT FORMULATION (COMSOL MULTIPHYSICS)
To validate the analytical result, a finite element model was developed in commercially available COMSOL Multiphysics software. This model is built in 3D to exactly match with the size and shape of the analytical model. Material properties are taken same as the analytical model, however, the Rayleigh damping of the face plates is calculated as follows: (36) In order to find the damping coefficients κ and χ, one needs to use the relationship between the critical damping ratio and the Rayleigh damping parameters which are given by, ,
where ζ i is the critical damping ratio at a specific angular velocity ω i . Damping ratio is calculated by assuming the plate as a discrete system, .
Here m k = (1/3)ρ c h c + ρ k h k , c k and (ω n ) k are the mass per area in kg/m 2 , the damping coefficient in N-sec/m 3 and the natural frequency of the individual face plates, respectively. Velocities of the bottom face plate were calculated from the finite element model. Radiated sound power was determined by substituting these values in place of ṽ be in equation (34) .
FORMULATION OF VOLUME VELOCITY
In this section, the strategy of minimization of volume velocity of the bottom face plate will be presented. Volume velocity of a plate can be determined by the summation of the product of velocity and the corresponding elemental area of each element where the volume velocity sensor is located. Therefore, the net complex volume velocity of the bottom face plate can be written as [16, 19, 22] 
where a x = a/N sx and b y = b/N sy . So, the optimal secondary source strength can be found by minimizing the square of the volume velocity of the bottom face plate.
FORMULATION OF WEIGHTED SUM OF SPATIAL GRADIENTS
The minimization of WSSG will be tested as a strategy for controlling the sound power radiation and compared with the results from volume velocity. WSSG of a structure is simply the sum of scaling values multiplied with the square of transverse velocity, rocking velocity in X and Y directions and the twisting velocity as defined by Fisher et al. [26] , where α, β, γ, δ are the scaling values. As described by Fisher et al. [26] , the scaling values for a simply supported plate are α = 1.0, β = (a/m 1 π) 2 , γ = (b/m 2 π) 2 and δ = (ab/m 1 m 2 π) 2 .
RESULTS AND DISCUSSIONS
Here, the analytical results of active control of sound radiation from a soft-core sandwich panel into air for three different values of isotropic loss factor of core are presented. The top and bottom face plates are assumed to be of aluminum alloy and the core is of lightweight low modulus viscoelastic material. The material properties of the top and bottom face plates, core, PZT and air are given in Table 1 . The dimensions of the sandwich panel are same as taken by Vaicaitis [7] , where the sandwich panel is 0.25 m × 0.508 m and the thicknesses of each face plate and the core are 0.51 mm and 6.35 mm, respectively. A line moment of amplitude 1 Nm/m is considered to excite the top face plate. Locations of the PZTs are chosen so as to control the first four modes and are placed at X 1 = 0.0525 m, X 2 = 0.0725 m, X 3 = 0.0213 m, X 4 = 0.0413 m, X 5 = 0.0115 m, X 6 = 0.135 m and Y 1 = 0.194 m, Y 2 = 0.314 m.
Comparison of eigenfrequencies and radiated sound power
For validation, the analytical solutions are compared with the result found from COMSOL Multiphysics finite element software. For this, two parameters i.e. eigenfrequencies and uncontrolled radiated sound power from the bottom face plate, are compared. Flexural and dilatational resonance frequencies are calculated both from the analytical method by solving eqn (23) and the finite element software, and are shown in Table 2 . Here, f ai and f ad represent the analytically calculated flexural
Active Structural Acoustic Control of a Soft-core Sandwich Panel Using Multiple Piezoelectric Actuators and Reddy's Higher Order Theory JOURNAL OF LOW FREQUENCY NOISE, VIBRATION AND ACTIVE CONTROL 398 Table 1 . and dilatational resonance frequencies, and the corresponding resonance frequencies from COMSOL Multiphysics are shown by f ci and f cd , respectively. Modal indices of each mode are shown in the first column. It can be seen from Table  2 that the analytical and finite element results agree well.
To verify the effect of grid refinements on the sound power radiation, the bottom face plate was divided into 5 by 10 elements, i.e. 5 elements in X direction and 10 elements in Y direction. Similarly, 10 by 20 and 20 by 20 divisions were made and the sound power level as a function of frequency was calculated, and this is shown in Fig. 2 . It can be observed that grid refinement has very little effect on the calculation of sound power radiation. It should be pointed out that although this result is shown for only one case, this conclusion holds for all other configurations of the sandwich panel.
Since it has been verified from Fig. 2 that the number of elements considered on the bottom face plate does not have significant effect on the sound power calculation, the face plate was divided into 10 by 20 elements and the sound power was calculated for different number of modes, and this is shown in Fig. 3 . Here, it is clear from Fig. 3 that the resonance frequencies are closely matching as shown in Table 2 . However, there is a difference in the radiated sound power between the finite element software and the analytical modeling. This is due to the fact that the velocities at the middle point of each element are exported to MATLAB and the sound power level recomputed using equation (34) leading to some numerical error. The little difference in the sound power level at resonance frequencies can be attributed to the different ways of calculating the damping parameters between the finite element software (see Section 4) and the analytical modeling. Also, it can be seen that analytically calculated radiated sound power for 60 structural modes gives almost a close possible result with finite element software.
Control of sound radiation using volume velocity and WSSG
In order to demonstrate the effectiveness of WSSG it was compared with volume velocity, the most commonly used control metric for ASAC. Table 3 shows the values of scaling factors. For the analytical simulation, volume velocity was determined by equally distributing 55 sensors, that is, 11 sensors in the Y-direction and 5 in the X-direction. This number of sensors is sufficient to accurately measure the volume velocity based on the methods described by Sors and Elliott [22] . Since it has already been shown by Fisher et al. [26] that the WSSG control method does not depend much on the sensor location, however, it should be away from the corner, a sensor was placed at (0.125 m, 0.4 m) by keeping in mind not to overlap with the PZTs. Also, the average sound attenuation over the frequency range was calculated by integrating the total power over the frequency range with and without control. Feedforward control system with a perfectly correlated reference signal was used to feed the PZTs. A total of 60 structural modes were used for the simulation in frequency range 0 to 600 Hz as verified from Sec. 7.1.
Line moment exciting along X′ = a/2 m on the top face plate
This section describes the active control of sound transmission through the sandwich panel excited by a line moment at the mid vertical line X ′ = 0.125 m as shown in Fig. 4 . Radiated sound power level from the bottom face plate with and without the control was analytically calculated for three different values of isotropic loss factor (ξ) of viscoelastic core i.e. 0, 0.1, 1.0, and shown in Figs. 5, 6 and 7, respectively. The line moment at this location is unable to excite the panel at (odd, n) structural modes, which can be seen from these figures. This result is in good agreement with Lee and Chen [20, 21] . In these figures, the dashed curve is overlapping the dash-dot curve, which demonstrates that at this location of the line moment, the volume velocity control metric is unable to attenuate sound power irrespective of core loss factor because the panel does not vibrate in structural modes having non-zero volume velocity. This is well in agreement with Table 4 which shows that the average sound attenuation is close to zero for all values of core loss factor. However, WSSG control strategy significantly attenuates all the peaks in the frequency range and therefore, able to attenuate the average sound power around 4.14 dB of sound at ξ = 0, 4.13 dB at ξ = 0.1 and 5.56 dB at ξ = 1.0.
Line moment exciting along X′ = 0 m on the top face plate
Here, the top face plate is excited by a line moment at X ′ = 0 m as shown in Fig. 8 , and the volume velocity and WSSG control of sound transmission using PZTs will be investigated. The radiated sound power levels due to a low frequency line moment excitation for the core isotropic loss factor of 0, 0.1, and 1.0 is shown in Figs. 9, 10 and 11, respectively. From Table 4 , it can be seen that the average sound attenuation over the frequency range of 0 -600 Hz is −0.38,
Kiran Chandra Sahu, Jukka Tuhkuri and J. N. Reddy (2,1) and (4,1) modes. Therefore, maximum increase in radiated power in volume velocity occurs. This explains why Table 4 shows that the average sound attenuation in WSSG is more as compared to volume velocity.
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Averaged quadratic velocity
To explore the effectiveness of the control strategies on the vibration velocity of the radiating face plate, averaged quadratic velocity of the same was calculated using equation (32) , and shown in Fig. 16 . is excited by a line moment along X′ = 0.2 m for zero core loss factor. At (1,1) structural mode, the vibration velocity of the bottom face plate is little bit less after the minimization of volume velocity as compared to the minimization of WSSG, which verifies why the radiated sound power is less at 19 Hz in Fig. 13 . However, after that, WSSG works extremely well to attenuate the vibration velocity of the bottom face plate and hence, able to mitigate the radiated sound power in the whole frequency range considered here ( Fig. 13 ). It should be pointed out that although the result is shown for one configuration only, the conclusion still holds for other configurations as well.
Effect of thickness of face plate
Here, the effect of face plate thickness on the radiated sound power is discussed. With other geometrical dimensions of the structure fixed than the thickness of top and bottom face plates for three selected values i.e. h t = h b = 0.2 mm, 0.5mm and 1mm, the radiated sound power level as a function of frequency is plotted, and shown in Fig. 17 . To save space, effect of panel thickness for one case, i.e. line moment excited along X′ = 0.2 m and ξ = 0, is shown here. Since, it has already been concluded that WSSG works better than volume velocity, to save space, only WSSG control method is considered in this investigation. It can be seen from Fig. 17 that the frequency gap between the first flexural and dilatational modes reduces with increase in face plate thickness. At the first flexural mode, the radiated sound power before control is highest for the thicker face plate among the three configurations considered here; however, it has the lowest radiated sound power at the first dilatational mode. With the increase in thickness, the controlled radiated sound power decreases, and hence, the sound attenuation over the frequency range is 11.7 dB, 6.1 dB and −0.6 dB for pace plate thickness of 1 mm, 0.5 mm and 0.2 mm, respectively.
CONCLUSIONS
The analysis of active control of sound transmission through a soft-core sandwich panel excited by a low frequency distributed line moment is investigated for different values of isotropic core loss factor. Three piezoelectric actuators (PZTs) are placed on the exterior side of the bottom face plate to feed the required voltage 
Volume velocity WSSG
to minimize the volume velocity and weighted sum of spatial gradients (WSSG) at sensor locations. Reddy's third order shear deformation theory is used to formulate the sandwich panel with the attached PZTs, and the electro-mechanical equations of the system are derived using Hamilton's principle. Firstly, the case in which the sandwich panel is excited by a line moment at the mid vertical line of the top face plate, volume velocity control strategy is unable to reduce the radiated sound power irrespective of core loss factors. However, WSSG control metric is able to attenuate the flexural and dilatational modal peaks and hence, reduce the radiated sound power over a large frequency band.
On the other hand, while the line moment is acting off the mid line, both the simulated control metrics are able to control the modal peaks to attenuate the sound in a large frequency band. However, WSSG achieved improved control over volume velocity at natural frequencies and modes higher than the fourth mode. This is due to the fact that WSSG is able to control the second, third and fourth radiation modes whereas volume velocity could not. Also, the maximum increase in sound power is more in volume velocity as compared to the WSSG which is a desirable feature of an effective control scheme. As the core loss factor of sandwich panel increases, the average radiated sound power attenuation with WSSG also increases. 
